The full cohomology ring of the Lian-Zuckerman type operators (states) inĉ M < 1 Neveu-Schwarz-Ramond (NSR) string theory is argued to be generated by three elements x, y and w in analogy with the corresponding results in the bosonic case. The ground ring generators x and y are non-invertible and belong to the Ramond sector whereas the higher ghost number operators are generated by an invertible element w with ghost number one less than that of the ground ring generators and belongs to either Neveu-Schwarz (NS) or Ramond (R) sector depending on whether we consider (even, even) or (odd, odd) series coupled to 2d supergravity. We explicitly construct these operators (states) and illustrate our result with an example of pure Liouville
It is well-known that the structure of the cohomolgy class or the physical state spectrum of c M ≤ 1 string theory becomes significantly different because of the presence of degenerate Virasoro representation in the matter sector. Although these special states also known as discrete states have been first observed in the context of c M = 1 matrix model [1, 2] , their true origin has been discovered in the mathematical analysis of ref. [3] in the continuum Liouville approach. For c M = 1 string theory these states have been completely classified and the physical consequences of the existence of such states have been elaborated in ref. [4] [5] [6] [7] . In particular, using the state-operator correspondence the short distance limit of operator products of certain spin zero ghost number zero operators were found to generate a commutative, associative ring. This so-called "ground ring" structure [6] was useful in explaining, among other things, the free fermion description of c M = 1 matrix model. In c M < 1 string theory, however, it was realized in ref. [8, 9] that one needs an additional invertible element w with ghost number −1 to describe the complete physical state spectrum. So, unlike in c M = 1 case, there are physical states at an arbitrary ghost number and the ghost number 'n' sector of the physical operators is given as R = R 0 w −n , where R 0 is the ring of ghost number zero operators. Consequently, the short distance limit of the operator products of such operators defines a ring structure in the relative cohomology H rel = ⊕ n∈Z H
(n) rel
In order to have a better understanding of a more realistic string theory, we need to know the cohomology structure ofĉ M ≤ 1 NSR string theory. This program has been taken in ref. [10] [11] [12] , but the structure of the complete physical state spectrum forĉ M < 1 NSR string has not been reported in the literature. In this paper, in analogy with the bosonic case, we first argue kinematically that the full spectrum ofĉ M < 1 NSR string theory can be generated by two ground ring generators x and y with one more additional generator w. The ground ring generators are non-invertible and ghost number † − 1 2
operators which belong to the R-sector. We explicitly construct these operators using Lian-Zuckerman theorem for the supersymmetric case [3, 11] . We then note that the ground ring contains a subring generated by three elements in NS-sector with an equivalence relation among them. On the other hand the generator w has ghost number one less than that of the ground ring generators and is invertible. Although it is easy to write w −1 for a general (p, q) model coupled to 2d supergravity, the construction of w becomes † There are some subtleties concerning the ghost number of a physical operator which are explained later.
quite involved since one has to deal with higher level null vectors. But, in general we can say that w will appear either in NS-sector or in R-sector depending on whether we choose p, q to be even or odd. We, therefore, choose pure Liouville supergravity or (2, 4) model coupled to 2d supergravity as an illustrative example and construct w explicitly for this model. In this case w belongs to NS-sector. By using picture changing isomorphism we then show that w is indeed invertible. Thus we obtain that the physical operators at ghost number 'n' sector upto a constant shift, is given by R = R 0 w −n and therefore, the complete cohomology ring structure ofĉ M < 1 NSR string theory coincides with that of the bosonic case.
The supersymmetric minimal models [13] [14] [15] [16] [17] coupled to 2d supergravity can be described in terms of Coulomb gas representation with the energy-momentum tensor and the supercurrent having the form * , 
L . Since the total central charge of the combined matter-Liouville system c M + c L is equal to 15, the background charges satisfyQ
The matter sector in this case isĉ M < 1 superminimal models which are characterized by
Virasoro central chargeĉ
where p, q ∈ 2Z +1 and gcd(p, q) = 1 or p, q ∈ 2Z with gcd( (p−q) = odd, and so, the background charges of the matter and Liouville sector can be parametrized * Since we are working in the free theory with zero cosmological constant we will concentrate only on the holomorphic sector. Free boson and fermion propagators are taken as φ(z)φ(w) = − log(z − w) and
using (4) and (3) as,Q
The vertex operators
, we get the screening charges of the matter and Liouville sector as follows,
We note from (7) that, α + + α − = 2Q M ≡ α 0 , α + α − = −1 and similarly from (8) ,
So, comparing with (5) and (6), we find
In this notation the matter momenta can be parametrized as α m,m ′ = 1 2 
where m − m ′ ∈ 2Z for NS representation and m − m ′ ∈ 2Z + 1 for R-representation.
The irreducible highest weight module of the matter sector is obtained by quotienting the Verma module over each primary by its maximum proper submodule. Like in the bosonic case, in the supersymmetric case also the submodule is generated by a pair of null vectors at level 
where 
and the ghost number of the state is given as
where
is the number of arrows from the top node e 0 ≡ ∆(α m,m ′ ) to that particular node a t or e t .
In the BRST quantization scheme, the states are taken to be in the space of conformal fields such that a physical state is BRST closed and belong to the zero eigenvalue space of L tot 0 . The nilpotent BRST charge is defined as,
are as given in Eqs. (1) and (2) and the ghost energymomentum tensor and supercurrent are given as * ,
Here b(z), c(z) are the diffeomorphism ghosts with conformal weights 2 and −1, whereas β(z), γ(z) are the superdiffeomorphism ghosts with conformal weights respectively. In terms of modes Q BRST can be expanded for NS sector as,
The ghost number of a state is defined with the convention that the highest weight ghost vacuum has ghost number zero.
* The basic OPE's are taken as
and for R-sector,
In Eqs. (21), (23), and (25), r is half-integral for NS-sector and integral for R-sector. Also, in terms of oscillators the super-Virasoro generators are given below,
where L, M refer to Liouville and matter sectors respectively. In the space of conformal fields a general physical operator takes the form
where, because of the zero eigenvalue of
with β ± as given in (8) . We also note the following symmetry properties of the momenta as α m,m ′ = α m±q,m ′ ±p and β n,n ′ = β n±q,n ′ ∓p . Finally, adding momenta we get, α m,m ′ + α n,n ′ = α m+n−1,m ′ +n ′ −1 and
With this preparation, we first like to comment that the ring structure for the operators in the BRST cohomology is quite obvious. Since a physical operator would have to belong to the zero eigenvalue space of L tot 0 , it is clear that the short distance limit of two physical operators can give non-trivial result only in the regular term. Including the higher ghost number operators we, therefore, get a commutative and associative ring structure,
In the above 'rel' implies that we concentrate only on the relative cohomology i.e. the physical operators would belong to the zero eigenvalue space of L (14) we argue that all the physical operators ofĉ M < 1 NSR string theory can be generated by three elements in the cohomology. By solving Eq. (14), we indeed note that the allowed Liouville momenta can be split into three parts, each part associated with one generator, which can be summarized as follows,
where t ∈ Z + and we have defined
We would like to comment that the coefficients of β w terms in ( (
This will become clear later when we describe our convention for the ghost vacuum for NS and R-sector. It should be emphasized here that the observation that the coefficients of β w term is related to the ghost number of the operator upto a constant shift is valid only if we use the picture changing isomorphism to be discussed later. It is also quite clear that a general operator of ghost number n + 1 +
the cohomology can be written upto BRST-exact terms as,
is the ghost number of the operator x i y j upto picture changing isomorphism (see later for explanation). Also i, j are restricted as 0 ≤ i ≤ p − 2, 0 ≤ j ≤ q − 2 because we want the matter momenta to lie inside the Kac-table and n ∈ Z. From (37) we note that the elements x and y will appear at a 0 in the embedding diagram with matter momenta α 1,2 and α 2,1 respectively. Also, the ghost number of x and y is − . It is clear from (35) and (40) that w −1 will appear at e 0 in the embedding diagram with matter and Liouville momenta either (α q−1,1 , β −q+1,1 ) for
Finally, from (38) and (39) we note that w will appear either at e −1 with matter and Liouville momenta (α q−1,1 , β 1,p+1 ) or at e 1 with momenta (α 1,p−1 , β q+1,1 ) for p L <Q L . From the above observation, it is clear that since m − m ′ is odd for x and y, they will belong to R-sector, whereas for w, w −1 , (m − m ′ ) is either p or q. So, for (odd, odd) series they will belong to R-sector and for (even, even) series they will belong to NS-sector.
Before we describe the construction of the ground ring generators, we give below our convention for the vacuum in NS and R-sector. The highest weight ghost vacuum state [19] for NS-sector has the form : c(0) e φ(0) : |0
and the highest weight ghost vacuum for R-sector is given as,
where |0 is the super-SL 2 invariant vacuum and φ(z) is a bosonic field obtained by bosonizing the superdiffeomorphism ghost system as * , β(z) = : η(z) e φ(z) :
In our convention ghost number of the states (43) and (44) each [19] . The vacuum for the matter-Liouville sector in this case is degenerate and we denote them as
where S ± (z) are the spin fields with conformal weight or by first writing down the state in terms of rotated oscillators [20, 11] and then solving
whereQ BRST is as given in (25) and a rotated oscillator is defined as
where Θ = 1 2
and {G tot 0 , Θ} = 1. It is easy to verify that the rotated oscillators satisfy the same algebra as the original ones and the states * Note that our convention of bosonization is slightly different than the convention used in ref. [19] .
built out of rotated oscillators are automatically annihilated by G tot 0 . Since the ground ring generators contain oscillators at level one, by writing down states in terms of rotated oscillators and then solving (48) we obtain,
In obtaining (50) and (51), we encounter the null vectors at level one for both matter and Liouville sectors. They are given as,
The ground ring generators written as operators have the following form,
From the explicit form of the ground ring generators (57) and (58) it is clear that they
. The reason that x and y are non-invertible can be understood easily by noticing that there are no operators in the cohomology whose momenta are negative of those of x and y. Also in order to show that the powers of x and y give nontrivial cohomology one can proceed exactly in the similar way as described in ref. [6, 7, 11] through construction of currents which act as derivations on x and y. Finally, we note that there is a subring of this ground ring generated by three elements x 2 , y 2 and xy in NS-sector with a restriction that only odd powers of the third element is allowed, since the even powers can be identified with some powers of the product of first two elements.
The explicit forms of these operators are given below:
The generators x N S (≡ x 2 ), y N S (≡ y 2 ) and z N S (≡ xy) form a subring of the ground ring modulo the equivalence relation x N S .y N S ≃ z 2 N S . We would like to point out that the ghost numbers of the ground ring generators are − when they are in R-sector and −1 when they are in NS-sector. In fact, we note that x N S , y N S and z N S have ghost numbers −1. But in general, under the ring multiplication they will go outside this set. In order to resolve this problem, we need to use the picture changing isomorphism [19, 21] . The picture changing operator in our convention has the following form,
There also exists an inverse of this picture changing operator in the cohomology denoted as Y whose form is given below,
The ghost numbers of X and Y can be checked to be +1 and −1 respectively. It is also easy to verify that upto BRST-exact term X n .Y n ∼ I. It is well-known that the picture changing operation defines an isomorphism in the cohomology [21] even in the relative cohomology that we are interested in. So, using these two operators one can change the ghost number of an operator to any convenient value. Upto this isomorphism the generators x and y, therefore, define a ring relation under the short distance limit of the operator products. Also, it is easy to verify that the ghost number of a general element of the ground ring x i y j has the value 3 4 [(−)
(−) ij+1 , upto picture changing isomorphism, since,
To obtain the rest of the operators we first note that since w −1 appears at the top node e 0 of the embedding diagram as discussed earlier it is straightforward to write down their form for general (p, q) model. For p, q even, they are given as,
and for p, q odd, their forms are
As pointed out earlier in the discussion after Eq.(42), the ghost number −2 operator w will appear either at e −1 or at e 1 of the embedding diagram. In general their forms would be when w is in NS-sector,
or when w is in R-sector
where P is a differential polynomial of conformal weight (p + q)/2. It can be inferred by observing the momenta of the operators w and w −1 in (65-72) that, their product is well-defined if we take w −1 from (65) and w from (70) or w −1 from (66) and w from (69) when they are in NS-sector. Also when they are in R-sector their product will be well-defined when w −1 is taken from (67) and w is taken from (72) or w −1 is taken from (68) and w is taken from (71). We note that for general (p, q) models with high values of p, q the explicit computation of the operator w gets quite involved. We, therefore, choose to work in pure Liouville supergravity for illustration of our results. Since in this case the matter central charge vanishes, we set the matter fields to zero. Also, we note that in this model i.e. (2, 4) superminimal model coupled to 2d supergravity the operator w belongs to NS-sector. By constructing the most general level three oscillator with ghost number −2 and then solvingQ BRST |state = 0 upto null vectors, we obtain |w for this model as,
In deriving this result we made use of the null vectors at level 2 and
being the conformal weight of the state e √ 2φ L (0) |0 . Expressing w as an operator we find,
In order to show that the operator w is invertible i.e. w.w −1 ∼ I upto BRST-exact terms, we first note that w −1 for (2, 4) model coupled to 2d supergravity has the following form,
It is quite clear from Eq.(76) that w −1 is not in the right "picture" since it has ghost number zero. By making use of the picture changing isomorphism mentioned earlier, we convert w −1 to the compatible picture as given below: w, we get w.(X.X.w −1 ) ∼ I as expected. So, for pure Liouville supergravity model we indeed find that the operator w is invertible. It is therefore, clear that a general physical operator for this model can be written as w −n x i y j , with 0 ≤ i ≤ p − 1, 0 ≤ j ≤ q − 1 and n ∈ Z. As a final comment, we like to mention that w has ghost number −2 and so, under the ring multiplication the ghost number of the powers of w will increase by even number, but that will be inconsistent with the Lian-Zuckerman theorem (15) . So, in order to be consistent one again has to use the picture changing isomorphism [21] .
To conclude, we have argued kinematically that the complete cohomology ring of the Lian-Zuckerman type operators forĉ M < 1 NSR string theory is generated by two ground ring generators alongwith an additional generator. By making use of the Lian-Zuckerman theorem in supersymmetric case we have explicitly constructed the ground ring generators which have ghost numbers − 1 2
and belong to R-sector. We have also noted that, there is a subring of this ground ring generated by three elements in NS-sector with an equivalence relation amomg them. The additional generator has ghost number one less than that of the ground ring generators and is invertible. So, it generates all the higher ghost number operators. This generator belongs to either in NS-sector or in R-sector depending on whether we consider (even, even) or (odd, odd) series coupled to 2d supergravity.
We have noted that in general, the construction of this operator is quite involved since one has to deal with higher level null vectors. So, we chose (2, 4) model coupled to 2d supergravity for illustration and constructed this operator. We have shown by using picture changing isomorphism that it is indeed invertible and therefore, generates all the higher ghost number operators. It would be nice to construct a general proof for the invertibility of the additional generator as argued for the bosonic case in ref. [8] . We have
